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Experiment No: 01
Aim: Solution of a transcendental equation using Bisection.
Title: Use bisection method to determine the root of equation f(x) = X °—5X - 7.

Theory:

The root of f(x) = 0 has been bracketed in the interval (a, b). Bisection method can be used
to close in on it. The Bisection method accomplishes this by successfully halving the interval
until it becomes sufficiently small. Once a and b has been bracketed, Bisection method will
always close in on it.

We assume that f (x) is a function that is real-valued and that x is a real variable.
Suppose that f (x) is continuous on an interval a < x < b and that f (a) f (b) < 0. When this is
the case, f (x) will have opposite signs at the end points of the interval (a, b).

If the function f(x) satisfies f (ao) f (bo) < 0, then the equation f(x) = 0 has at least one
real root or an odd number of real roots in the interval (ag, bo). If m1 = (ag + bg) /2 is the
midpoint of this interval, then the root will lie either in the interval (ag, m1) or in the interval
(m1, bo) provided that f (m,) =0. If f (m1) = 0, then m; is the required root. Repeating this
procedure a number of times, we obtain the bisection method.

fix) ¢

First estimate True solution

First
iteration

First interval

Second estimate
Second | R N -

i[era[il‘:ll'l B R
Ky

Second interval

True solutign Third estimate

Third |
taration |

Third interval

Fig. 2: Bisection method
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The method of finding a solution with the Bisection method is illustrated in Fig. 2. It
starts by finding point ap and by that define an interval where a solution exists. The
midpoint of the interval m; is then taken as the first estimate for the numerical solution.
The true solution is either in the portion between point ag and m, or in the portion
between points m; and b. If the solution obtained is not accurate enough, a new interval
that contains the true solution is defined. The new interval selected is the half of the
original interval that contains the true solution, and its midpoint is taken as the new
(second) estimate of the numerical solution. The procedure is repeated until the numerical
solution is accurate enough according to a certain criterion that is selected.

Procedure for the Bisection Method
1. Compute the first estimate ap + by of the numerical solution m; by

2. Determine whether the true solution is between a and m;or between m;and b by
checking the sign of the product f (a) f (m) has following conditions.

If f (a) f (m1) <0, the true solution is between a and m1,
If f(a) f (m1) > 0, the true solution is between m;and b.
If b —c < error, then accept c as the root and stop. is the error tolerance, € > 0.
. Choose the subinterval that contains the true solution (a to m1) or (m; to b) as the new

interval (a;, b;), and go back to step 1.

Steps 1 through 3 are repeated until a specified tolerance or error bound is attained.

Advantages of Bisection method

e The method is guaranteed to Accuracy. The method always to an answer, provided a root
was bracketed in the interval (a, b) to start with. In addition, the error bound, is
guaranteed to decrease by one-half with each iteration.

Disadvantage of Bisection method

e The method may fail when the function is tangent to the axis and does not cross the x-axis
atf(x)=0.

e The disadvantage of the Bisection method is that it generally more slowly than most other
methods. For functions f (x) that have a continuous derivative, other methods are usually
faster.

e Bisection method requires large number of iteration.

e Bisection method requires two initial guess.

e initial guess a and b of f(x) must be bound as f (a) f (b) <0

Algorithm for the Bisection Method:
Given a continuous function f(x)
Find points a and b such that a < b and f(a) * f(b) < 0.
Take the interval [a, b] and find its midpoint c.
If f(c) = 0 then x; is an exact root, else if f(c) * f(b) < 0 then let a =, else if f(a) * f(c) <
Othenletb=c.
Repeat steps 2 & 3 until f(c) =0 or |f(c)| <= degree of accuracy.
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Calculation:

Practical In-charge Sign
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( sTART )
|

Initializing variable and Enter the value of a, b, error.

!

c= (a+b)/2 |‘ « « = Bisect Interval

4 - - - CheckSign

4 - - - Update Interval

abs(a-c)<err >~ Check Convergence

Yes
/ Print Output /

( STOP )

Flow Chart 1: Bisection method
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Experiment No: 02

Aim: Solution of a polynomial equation using Birge - Vieta method

Title: Use Birge-Vieta method to determine the root of equation of a given function
fix)=Xx*-11 x> +8 X?-5X +20.

Theory:

Using this method, We can find a real root of a polynomial equation f(x) = 0. We use the fact
that if r is a real root of the equation, then (x-r) is a factor of the polynomial f(x). Let

fx) =a,x"+axn- 1ot a,

When f(x) is divided by the expression (x-r), the quotient g(x) will be a polynomial of degree
(n-l)l
gi) =b,xML+bxN-2 4+ 4y,

and remainder R will depends on r, Since

f(x)=(x-r)a(x)+R

We will start with an initial approximation ry to r and use Newton’s Raphson method to
improve the value of r such that f(x) = 0, then

In Birge- Vieta method, we will not compute f (x) and f ’(x) but compute them by using
synthetic division as explained below,

f(x)=(x-r)a(x)+R

Equating, d,x"+ax"N- 1y s a,=(x—rp) box”‘l +b,xN- 2, wtb g

n n-1 n n-1
a,x"+a,x tot a, =b x4+ (b —r, bg)x + ...

Equating like terms on both side of above equation, we have
ap=by by =0d,
a;=b;—robg b; =0;—rgbg
a;=b;—rgby b, =0;—rgby
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G,=b,—robn b, =0, —robn
If we define b,, = R = f (ry), the relation in above equation can be represented by,
b;j=0;,-rgb;_1 where i=0,1,2,...,n

Differentiating both side with respect to ro, we have

b, b,
or,

=bi_1+r0 ar
0

;4

Ci—1=b1_1+r0 or
0

Cii=bi_1+ry Ci-2
Ci :bi+r0 Cia ,i=0, 1,2,....(n-1)

dR db,
Hence we can say, fro)= — = =Cp1

dr, dr,

Therefore

a1

robo

b,

o Co

Co Cy

In general, solution by using Birge Vieta method is,

b,
Cn—l
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Algorithm for the Birge-Vieta Method:

Given a continuous polynomial equation f(x)

1. Arrange the coefficient of given polynomial equation.
2. Perform the synthetic division with initial value rp,

b
3. Find next approximate rootby rp,.;=r, — C_n
n-1

4. Repeat step 2 & step 3 r having minimum error.

Calculation:

Practical In-charge Sign
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(' START )
|

/ Initializing variable and Enter the value of Coefficients /

!

Calculating Next Coefficients

Ith<n?

Yes

Find Root

/ Print Output /

( STOP )

Flow Chart 2: Birge-Vieta method
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Experiment No: 03
Title: Second order curve fitting using least square approximation coefficient

Title: Use Second order curve fitting using least square approximation coefficient of given
distributed data.

o
N L
g W

reaction rate
O
A

o
-k

o
o
&

The least-squares parabola uses a second degree curve tomorrow

y = a + bx + cx?.

to approximate the given set of data, (LX) | (%2.02) (o 2n) | where # 2 3. The best

fitting curve J(x) has the least square error, i.e.,

N " 7
II :Z[}”i _f{xj}]z =E[}{f —{a +&x; —I—cx_r-z} = rmin.
i=l1

i=l

Please note that ¢, & ,and £ are unknown coefficients while all % and *¥ are given. To

obtain the least square error, the unknown coefficients ¢, & ,and © must yield zero first
derivatives.
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h

o11
N =22[yj —lg +hx +c:x:-2]| =0

i=l
o1I

N

2

‘Ezzzng yi —la+obx +ox )| =0
i=

H

o11 2 2
E=22xj yi—la+obx +ox® )| =0

i=l

Expanding the above equations, we have

N N N n
Zyg- =.:121+be; —|—::'Z:xj2
i=1 i=l i=1 i=l

M n n n
-Zx;yj =cszj+bej2+c x:-3
i=l1 i=l i=1 i=l

N n n n
fo-zy:- :ﬂZij+bz.Tj3+C x:-4

i=l1

i=1 i=l i=l

The unknown coefficients® ,f:', and ¢ can hence be obtained by solving the above linear

equations.

Algorithm for the Second order curve fitting :
From the given a distributed data.
Enter the values of x corresponds to y.
Calculate the values of =X, Zx*,2x3, =x*, XY, >x? Y from the given distributed
data.
Calculate the value of coefficient a, b, ¢ by least square equation

Print the resultas Y = a + bx + ¢cx®.

Calculation:
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Practical In-charge Sign
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(" START )
|

/ Initializing variable and Enter the valueof X &Y /

!

Calculate Sum of XY, X‘,dr X% X3, XY, XzY

Yes

Coeficient of Find Y=a +bX +cX

/ Print Output /

!
( STOP )

Flow Chart 3: curve fitting
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Experiment No: 04 Date: -
Aim: Program for interpolation using Newton’s forward or backward interpolation

Title: Use Newton’s Forward Interpolation formula calculate y at x=6.25 form given
distributed data.

Theory:

Let y = f (x), which takes the values yy, y1, ¥, ...., ¥» that is the set of (n + 1) functional values
Yo, Y1, V2, ...., Yo are given corresponding to the set of (n + 1) equally spaced values of the
independent variable,

Xi=Xo+1ih,i=0,1,2,...,nwhere his the spacing. Let p(x) be a polynomial of the nth degree
in x taking the same values as y corresponding to x = xq, X1, ...., X,. Then, p(x) represents the
continuous function y = f(x) such that f (xi) = p(xi) fori=0, 1, 2, ...., n and at all other points f
(x) = p(x) + R(x) where R(x) is called

the error term (remainder term) of the interpolation formula. Let

fix) =a, +a,(x —x,) + a,(x = xp)(x — x;) + a5(x — xp)(x — x;)(x — x,)

+an (X = X)X =X ) (X = X,) (X=X, ;) + oo

The constants ag, a1, 0y, ...., d, can be find as follows:
To find ao , Substituting x = xo, we get, ao= Yo
To find a; , Substituting x = x;, we get,

y1 =00 + a1(x1— Xo) or Y1 = Yo + a1(x1—xo)

alZY1_yo :AYO

X, — X, h

To find a, | Substituting x = x,, we get
Y2= 00 +a1(x2—Xo) + a2(x2 = Xo) (X2 = x1) =Yyo + ai(x2 —Xo) + a2(x2 — Xo)(x2 — x1)

y1_y0

1 70

(y2 - yo) = (X2 = X0) = az(x2 — xo)(x2 — x1)

a5 - cion
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(V2 - Yo) = 2(y1 - o) = @, 2 h*

(V2-Yo—2y1+ 2y0) = a; 21 h°
(y2—2y1+yo) = a2 2! b

AZ
a, = y§
2'h
Similarly,

ASYO
%= oy
In general,

a, = AYs
2lh"

A Yo
21h3

A? Yo

2'h? (x = Xp) (x = x) (X = x;) +.....

(x=x) (x—x;) +

nyo

+ TL (x=x) (x=x;) (x=x,)-(x=—x,_;)
X=Xo+uh or (x—xo) =uh
(x=x1) = (x—=x0) = (x1—Xo)
=uh—-h=(u-1)h
(x=x2 ) =(x=x1)—(x2—x1)
=(u=1)h—-h=(u-2)h, etc.

Equation (2) becomes,

_ uu-1 ,
f(x)—ao+uAyo+TAyo 3

N u(u—1)|(u—2) Nyt u(u—l)(u—2;l...©—(n—1)) A"y,

Above equation is Newton’s Forward Interpolation formula.
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Algorithm for the Newton’s Forward Interpolation Method:

From the given a distributed data.

1. Enter the values of x corresponds toy.

2. Calculate the values of Newton’s forward difference table from the given distributed
data.
Calculate the value of y at a given value of x.
Print the result.

Calculation:

Practical In-charge Sign
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(' START )
}

/ Enter the Values of X, Y and Intializing loop /

!

Calculate Forwar Difference table and X,

loopi<n?

Yes

Find Y at X by Newton Forword Interpolation

/ Print Output /

!
( STOP )

Flow Chart 4: Newton’s forward or backward interpolation Method
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Experiment No: 05

Aim: Newton’s Raphson’s method for two variables

Title: Find the root of equation using N R Method for two variables. f(x, y) = X* + XY - 10,
g( x, y) = Y + 3XY?- 57. Solve upto two iteration only take initial value Xo = 1.5 and Yo = 3.5.

Theory:

Let them be f(x,y) = 0and g (x,y) = 0. Now (xg, yo) be an initial approximate solution of the

equation.

3
-3

Let (xo+h, yotk) be the actual solution. Using Taylor’s series ,

£ (iea) = £ () + B F06) 42 W F7060) +.c + — h " F" (x)

For a two function of two variables and omitting h* and higher order
f Xier, yie) = £ (xi, yi) + h f(xi) + k f{yi)
g (Xiv1, Yir1) = 8 (xi, yi) + h g’(x:) + k g"(y1)

Where,

of (x,y)
OX

of (X, y)

| y = const: fy=Fly)= ay | X = const-

fx=f(x)=

g (X, Y)

gx=gx)= |y < const gx=§W)=§gQ&X2
| ax Yy =const- I

ay | X = const-

Matoshri College of Engineering & Research Center, Nasik
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fXus, yia) =fxy+hfx+kfy
g (Xie1, Vi) =g Xy +hgx+kgy
Then for finding root of equation,
f(Xiu1, ¥ie1) =0 and g (Xjrg, Yie1) = 0
Hence eq. (1) and (2) become,
fxy+hfx+kfy =0 or hfx+kfy=— fxy

gxy+hgx+kgy=0 or hgx+kgy=—gxy

fx fy‘ fxy fy‘
Dx =
gx gy gxy gy

Hence, Formula for Newton’s Raphson’s method for two variables is,

Algorithm for the Newton’s Raphson method for two variables:
Enter the initial values of x and y.

Calculate the values of TXy, gxy, fXx, gx, fy, gy, D, Dx, Dy.

Calculate the value of X, ,; and Y,.;.

Repeat step 2 and step 3 up to required iteration.
Print the result.
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Calculation:

Practical In-charge Sign
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(' START )
|

Initializing variable and Enter the value of X0 & YO

and Number of Iteration

|

Calculate fxy, gxy, fx, gx, fy, gy, D, Dx, Dy

Calculate
X1=X0-Dx/D
Y1=Y0-Dy/D

Yes

/ Print Output /

}
( STOP )

Flow Chart 5: Newton’s Raphson method for two variables
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Experiment No: 06

Aim: Simpson's 1/3 Rule for Integration:

1
dx
Title: Evaluate j—1+ ¥2 by Simpson’s 1/3" rule dividing the intervals into 6 equal parts.
0

Theory:

Trapezoidal rule approximate the graph between two adjacent points on the graph by the
straight line joining them. This against Simpson's Rule makes use of the parabola joining the
three adjacent points to approximate the graph. A parabola can be drawn through any
three non collinear points. The Simpson formula is also arrived at by dividing the given
interval [a,b] into 'n' sub intervals of equal length Ax = b—an. But, n in this case is an even
integer. Then, on each consecutive pair of intervals, we approximate the curve y = f(x), by
parabolas as shown in the diagram here. A general parabola passes through the consecutive
points P;, Pix1 and P;:,.The definite integral is then approximated to the sum of the areas
under all such parabolas

A quick approximation for definite integrals can be got by taking 2 partitions for a small
interval [xo,X1].

Trapezoidal formula:

Since f(x) is approximated with a first degree polynomial in each sub interval (x;.1, Xi), the
integration of f(x) betweenxi.1and x;is knothing but the area of the Trapezoid bounded
by x axis, f(x;.1), f(x;) and the straight line joining the points (xi.1, f(xi.1)) and (x;, f(x;)).

b T R ————

Fig:

Consider the integral

[ 100 = [ p.000x = [ (3, +ray,)dx
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By Newton's forward difference formula,

X — X,

Since Ay, =Y, — Y, first forward difference of Ay,

Consider _[ f(x) = I p, (x)dx

1
1, =h{ p,()dr
0
1
l, = h(yo +5Ayo)
h
=20 +¥1)

[foodx=T=1+1,+..... +1

Xo

n

h h h
I =§(yo + y1)+§(yl + yz)+--------+§(yn_1 +Y,)

h h h
I =§(yo + y1)+§(y1 +Y,) o +§(yn_1 +Y,)

h
=210+ Ya) + 20+ Y2 + ¥,)]

This is called the Trapezoidal formula.
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Simpsons 1/3 Rule:

Consider the integral

[100= [ p,(00x

= ] pa()dx

2
1, :hj[yo +rAy, + rr=1) Azyo}dr
0

1 h
I1 ZZh[yo +4AYO +EA2yo:| :g[yo +4y1 +y2]

Since Ay, =Y, — ¥, and A Yo=Y — 2y1 — Y, second forward difference

Therefore, I f(x)= _[ P, (X)dx

h
1, =§[yo +4y, +Y,]

[fogdx=T=1+1,+..... +1

Xo

n

h h h
l =§[yo +4y, +y2]+§[yo +4y1+y2]+--------+§[yn2 +4Y, 1+ Y, ]

h
l =§[(yo +Ya) F AV, + Yo+t Vo) F 2V, + Yy F oY)

This is called the Simpsons 1/3 Rule
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Simpsons 3/8 Rule:

Consider the integral

100 = [ pu(0x

3
= [ P, (x)dx
0
3
= {yo + rAY, +
0

3
I, = hj{yo +TAy, +
0

Electrical Engineering Department

. r(r=1)(r - 2) A3y0}dx

3

. r(r=1)(r-2) A3y0}dr

3

3 3 1
I, :3h[y0 +5Ay0 +EA2y0 +§A3yo}

Since Ay, =Y, — Y, and A Yo = Y1 _ZY1

Therefore, _[ f(x)= J P, (x)dx

— Y, second forward difference

3h
. =§[yo +3y, +3Y, + Vs ]

Now,

[fogdx=T=1+1,+..... +1

Xo

3h
= o+ YD) 300 Yo Y+ Vs + Yoot Vg +Y) + 20Ys + Yo ot Vo)

This is called the Simpsons 3/8 Rule. The no. of data points needed for this rule are 3n+1 for

anyn>0.

Matoshri College of Engineering & Research Center, Nasik
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Observe here that the order of the error in both Simpson's one third rule and three eighth
rule is four (O(h*). Moreover the coefficient in one third rule (-1/90) is less then the
corresponding three eighth rule (-3/80) hence Simpson's 1/3 rule performs better than
the Simpson's 3/8 rule. In fact this phenomina is true for all even-order Newton-cotes
formulae. Hence Newton-cotes even order formulae are more useful than odd order
formulae.

Algorithm for the Simpson's 1/3 Rule for Integration:
1. Enter the initial values upper limit and lower limit.
2. Calculate the values of x corresponds to y according to value step size(h).

3. Calculate the sum of odd term value of Y 44 and sum of even term value of Y. -
4. Print the result.

Calculation:

Practical In-charge Sign
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(' START )
}

/Enter the Values of lower  upper limit & Nos. of Interval /

!

Calculate step size h =(xn-xo0)/n

l

Calculate y0, v1, y2

v

Calculate I By using Simpsons 1/3 Rule

v

/ Print Output /

:
( STOP )

Flow Chart 6: Simpson's 1/3 Rule for Integration method
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Experiment No: 07

Aim: Solution of second order ODE using 4" order RK method.

d? d
Title: solve the second order ODE q Z = X.d—y —Y by using 4™ order RK method. When
X

dy

y(0)=1, ™ =z =0having h = 0.2. Calculate y (0.4).
X

Theory:
The formula for the Euler method is,

yn+1 = yn +h*y(xn’yn)

Which advances a solution from x, to x,:1 = x,+ h. The formula is unsymmetrical:

It advances the solution through an interval h, but uses derivative information only at the
beginning of that interval. That means (and you can verify by expansion in power series)
that the step’s error is only one power of h smaller than the correction. There are several
reasons that Euler’s method is not recommended for practical use, among them, the
method is not very accurate when compared to other methods run at the equivalent step
size, and neither is it very stable. Consider, however, the Euler method use of a step like to
take a “trial” step to the midpoint of the interval. Then use the value of both x and y at that
midpoint to compute the “real” step across the whole interval.

Second order Runge-Kutta Method:

The first four terms Taylor series:

2 3 4

h h= h* ., h
Yoi = Ya +iy(xn' yn)+§y (Xn1 yn)+§y (Xn’ yn)+$y

(Xn’ yn)

The fourth order Runge-Kutta method is one of the standard method to solve differential
equations. Before we give the algorithm of the fourth order Runge-Kutta method we will
derive the second order Runge Kutta method.

We start with the original differential equation and integrate it formally.

n

Y £ ¥0) = Y = [ 106 3,) 0x
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Omitting the term from h? of Taylor’s series, we get,

yn+1 = yn + y(Xn’ yn)h

n+1

yn+1 = yn+1 + h J. f (X, y) 'dX

We essentially changed the task at hand from performing a differentiation to an
integration. To do this we expand f(t) in a second order Taylor series around the midpoint of
the integration subinterval.

d
f (X’ y) = f (Xn+1/21 yn+1/2) + (X - Xn+1/2)d_§

Yet since the integral of (X — X,.1/2 ) vanishes when evaluated about the midpoint, we
automatically get improved precision using only the first termin (1).

f (X’ y) = f (Xn+1/21 yn+1/2)

Therefore, Yoir = Yn t+ h* f (Xn+l/2’ yn+1/2)
- h
=Y, +h f(Xn+E’yn+1/2)

This algorithm cannot be applied immediately since it requires a knowledge of Yy, ,,, which

is not in the scheme of things. We thus approximate Y, ,,,, with Euler's algorithm.

dy dy(h
=y +—AX= +—=| —
yn+1/2 yn dX yn ( j

dx\ 2

h
=y, +=>*f(x,,
Y > (X, ¥Yn)

Hence the second order Runge-Kutta

h
Yoa = Ya +E*(k1 +k;)

Where, Kk, = f(X,,VY,)

kz = f(xn+1’ Yo + kl)
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The second order Runge-Kutta equation (2) requires the known derivative function y(x) at
the endpoints and midpoint of the interval, and the unknown function y at the previous
point. Since we start with initial conditions, the algorithm is self starting. Note too that it is
applicable with a general function y(x) (for example nonlinear), and simple to program.

Fourth order Runge-Kutta Method:
A method of numerically integrating ordinary differential equations by using a trial step at the
midpoint of an interval to cancel out lower-order error terms. The fourth-order formula is

h
yn+1 = yn + g*(kl + 2k2 + 2k3 + k4) (3)

k, = f(x,,Y,) Euler (start-point) slope
h h
f(x, + > Y, + > K,) Midpoint slope

h h
= f(x, + 5 Yy, + 5 K,) Better midpoint slope

= f(x, +h,y, +hk;) Fullstep (endpoint) slope

Solution of Second Order ODE by fourth order Runge-Kutta Method:

Consider the Second Order ODE,

d?y dy
=f(x,y,z 7=—
Or a2 (X,¥,2)  Where, dx

We begin by writing as two first order ODE is,

dz

& = g(X’ Y, Z) (')

& = f (X’ y’ Z) (ii)

Next, we apply Runge-Kutta formula to each of the above two equation as follows,

Where, f (X, Y, 2,) Euler (start-point) slope

f(X,, ¥, 2,)
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h h
K, =Ff(X,+=,Y,+=Kk,z,+—m idpoi
2 (X, > Yn 5K 5 1) Midpoint slope

h h h
m, = f(xn+§,yn +Ek1,zn+§m1)

h h
ky = f(x, + E’ Yo+ E K,,z, + E M,)  Better midpoint slope

h h h
m, = f(Xn+Elyn+Ek2’Zn +Em2)

k, = f(x,+h,y, +hk;,z, +hm,) Full step (endpoint) slope

m, = f(x, +h,y, +hk;,z, +hm,)

Above value of K, K,, K, K, is calculated by f(x,y,z) and m;, m,, M,, M, s calculated

by g(x,y,2).

yn+1 = yn +%*(kl + 2k2 + 2k3 + k4)

h
Z,.,=2, +E*(ml +2m, +2m, +m,)

Algorithm for the second order ODE using 4™ order RK method:
Enter the initial values x and y.
Calculate the values K;,K,, K5, Kk, and m;, m,, m;, m, according to value step size (h).

Define the last point of the x to find value of y.

Repeat step number 2 up to the last point of x.
Print the result.
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Calculation:

Practical In-charge Sign
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( START )
/ Enter the value X0, Y0 & Z0 /

!

Read value of X at which Y is to found

and Step interval (h)

h 4

Calculate k1, m1, k2, m2, k3, m3, k4, m4

L

Calculate Yn+1=Yn + h/6 (k1 + 2k2 + 2k3+ k4 )

In+l=7Zn +h/6(m1 +2m2 + 2m3 +m4)

I

UptoX0=X0+hand YO=Y1

IfX0>X

Yes

/ Print Output /

:
( STOP )

Flow Chart 7: Solution of second order ODE using 4™ order RK method
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Experiment No: 08 Date: -
Aim: Solution of simultaneous equation using Gauss Seidel or Jacobi method.
Title: Find the solution to the following system of equations using the Gauss-Seidel method.

20X, + X, —2X, = 17
3x, + 20X, — x;, = —18
2%, + 3X, + 20X, =25

Theory:

In certain cases, such as when a system of equations is large, iterative methods of solving
equations are more advantageous. Elimination methods, such as Gaussian elimination, are
prone to large round-off errors for a large set of equations. lterative methods, such as the
Gauss-Seidel method, give the user control of the round-off error. Also, if the physics of the
problem are well known, initial guesses needed in iterative methods can be made more
judiciously leading to faster convergence.

What is the algorithm for the Gauss-Seidel method? Given a general set of n equations and
n unknowns, we have,

Ay X +apX, +agXs t.. X, =G

2n"*n

Ay X +a,X, +a X, +..+a, X, =C,

If the diagonal elements are non-zero, each equation is rewritten for the corresponding
unknown, that is, the first equation is rewritten with X, on the left hand side, the second

equation is rewritten with X, on the left hand side and so on as follows
C — 85X —8xX
8

X, =

X
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These equations can be rewritten in a summation form as

n
C —Zaljxj
=1

j#1
a11

Hence for any row i,

n
=1

X =— % i=12,..n
a.

Now to find X;’s, one assumes an initial guess for the X;’s and then uses the rewritten

equations to calculate the new estimates. Remember, one always uses the most recent
estimates to calculate the next estimates, X;. At the end of each iteration, one calculates

the absolute relative approximate error for each X; as

X

new old
i - Xi

x100

new
X.

where x"is the recently obtained value of x;,and x is the previous value of X, .

When the absolute relative approximate error for each x; is less than the pre-specified
tolerance, the iterations are stopped.
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Calculation:

Practical In-charge Sign
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( START )
/ Read number of Variable (n) /

|

Read Coefficient of variable aij ,bj
fori=1tonandj=1ton

=

Initialise array aij and aii

:

Seti=j=1&X1=X2= =Xn=0

Xi=1/aii[ bi - aj1X1 + aj2X2 + .... + ajnXn

i=j=1ton, andjnotequaltoi

if error =0

/ Print Output /
( STOP )

Flow Chart 8: Solution of simultaneous equation using Jacobi method.
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Experiment No: 09
Aim: To find Eigen values and vector using Jacobi method.

Title: Determine the largest Eigen value and corresponding Eigen vector of the following matrix.

1 6 1

1 2 0] By Jacobi method.
O 0 3

Theory:

If the action of a matrix on a (nonzero) vector changes its magnitude but not its direction,
then the vector is called an eigenvector of that matrix. A vector which is "flipped" to point in
the opposite direction is also considered an eigenvector. Each eigenvector is, in effect,
multiplied by a scalar, called the eigenvalue corresponding to that eigenvector. The
eigenspace corresponding to one eigenvalue of a given matrix is the set of all eigenvectors
of the matrix with that eigenvalue.

Many kinds of mathematical objects can be treated as vectors: ordered pairs, functions,
harmonic modes, quantum states, and frequencies are examples. In these cases, the
concept of direction loses its ordinary meaning, and is given an abstract definition. Even so,
if this abstract direction is unchanged by a given linear transformation, the prefix "eigen" is
used, as in eigenfunction, eigenmode, eigenstate, and eigenfrequency.

When a transformation is represented by a square matrix A, the eigenvalue equation can be
expressedas (Ax—AIx)=0.
This can be rearranged to

(A-AJ) x=0.

If there exists an inverse,

(A-A1)1t=0.

Then both sides can be left multiplied by the inverse to obtain the trivial solution: x = 0.
Thus we require there to be no inverse by assuming from linear algebra that the
determinant equals zero:

Det (A—A/)=0.

The determinant requirement is called the characteristic equation (less often, secular
equation) of A, and the left-hand side is called the characteristic polynomial. When
expanded, this gives a polynomial equation for A. The eigenvector x or its components are
not present in the characteristic equation.
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In vector calculus, the Jacobian matrix is the matrix of all first-order partial derivatives of a
vector-valued function. Suppose F : R” > R™ is a function from Euclidean n-space to
Euclidean m-space. Such a function is given by m real-valued component functions,
Y1(X1,ee0Xn), ..., Ym(X1,...,Xn). The partial derivatives of all these functions (if they exist) can be
organized in an m-by-n matrix, the Jacobian matrix J of F, as follows:

Oy Oy
3:1:1 aIﬂ

Y MY
E'}Il E'}Iﬂ i

This matrix is also denoted by JF(Il. s .'Iﬂ-). Theithrow (i=1, ...,

m) of this matrix is the gradient of the ith component function y;: (vyi).

The Jacobian determinant (often simply called the Jacobian) is the determinant of the
Jacobian matrix.

The Jacobian of a function describes the orientation of a tangent plane to the function at a
given point. In this way, the Jacobian generalizes the gradient of a scalar valued function of
multiple variables which itself generalizes the derivative of a scalar-valued function of a
scalar. Likewise, the Jacobian can also be thought of as describing the amount of
"stretching" that a transformation imposes. For example, if (x2,y2) = f(x1,y1) is used to
transform an image, the Jacobian of f, J(x1,y1) describes how much the image in the
neighborhood of (x3,y1) is stretched in the x, y, and xy directions.

If a function is differentiable at a point, its derivative is given in coordinates by the Jacobian,
but a function doesn't need to be differentiable for the Jacobian to be defined, since only
the partial derivatives are required to exist.

The importance of the Jacobian lies in the fact that it represents the best linear
approximation to a differentiable function near a given point. In this sense, the Jacobian is
the derivative of a multivariate function. For a function of n variables, n > 1, the derivative
of a numerical function must be matrix-valued, or a partial derivative.

If pis a point in R” and F is differentiable at p, then its derivative is given by Ji(p). In this
case, the linear map described by J¢(p) is the best linear approximation of F near the point p,
in the sense that

F(x) = F(p) + Jr(p)(x — p) + o |lx — p*)
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for x close to p and where o is the little o-notation (for ¥ = P, not & — ©C) and
1% — Pllis the distance between x and p.

In a sense, both gradient and Jacobian are "first derivatives", the former of a scalar function
of several variables and the latter of a vector function of several variables. Jacobian of the
gradient has a special name: the Hessian matrix which in a sense is the "second derivative"
of the scalar function of several variables in question. (More generally, gradient is a special
version of Jacobian; it is the Jacobian of a scalar function of several variables.)

According to the inverse function theorem, the matrix inverse of the Jacobian matrix of a
function is the Jacobian matrix of the inverse function. That is, for some function F: R” > R
and a point p in R”,

Je1(F(p)) = [Je(p)] "

It follows that the (scalar) inverse of the Jacobian determinant of a transformation is the
Jacobian determinant of the inverse transformation.

Calculation:

Practical In-charge Sign
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( Start )

Y
Input of the extended

coefficient matrix A(N,K+1)

\

»  FOR S=1 TO K

9

[ FOR T=S TO K

No unique solu-
tion is possible
Line s will be exchanged
with line t. Cb
Stop

r Line s is normalized. J

Y

All elements of column s
— with the exception of the diagonal element A(S,S) —
will be made to zero by subtracting the A(J ,8)-fold of
the normalized line s from line j.

(Ers |

4

ﬁutput of the solution vch
1
( Stop )

Flow Chart 9: To find Eigen values and vector using Jacobi method.
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